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In this paper, we discuss several fundamental properties of weighted diagonal
surfaces over finite fields. Weighted diagonal surfaces are defined to be diagonal
surfaces in weighted projective 3-spaces. In general, they have cyclic quotient
singularities. For our arithmetic investigations, we choose their minimal resolutions.
We are particularly interested in their Picard numbers and the orders of their
Brauer groups. First we prove that the (congruence) zeta-functions of minimal
resolutions of weighted diagonal surfaces can be described in terms of twisted
Jacobi sums. The proof is based on an explicit description of the set of rational
points in weighted projective spaces. Secondly, we give a formula for the Picard
numbers of minimal resolutions of weighted diagonal surfaces. The Tate conjecture
asserts that their Picard numbers are equal to the orders of certain poles of their
zeta-functions. Thus, we first prove the Tate conjecture for the minimal resolutions.
Then we calculate the orders of poles of their zeta-functions. Here the validity of the
conjecture will be established, in fact, for more general surfaces. Thirdly, we look
into quantities associated to special values of zeta-functions, especially the orders of
Brauer groups, of certain minimal resolutions of weighted diagonal surfaces. Specifi-
cally, we confine ourselves to the minimal resolutions whose Ne ronSeveri groups
have Z-bases consisting only of canonical divisors and exceptional divisors. For
such surfaces, we compute the orders of Brauer groups in terms of twisted Jacobi
sums.  1996 Academic Press, Inc.
Introduction
The aim of this paper is to investigate the arithmetic of surfaces in
weighted projective spaces defined over finite fields. The main objects are
quantities associated to special values of zeta-functions, such as Picard
numbers and the orders of Brauer groups. We are particularly interested in
diagonal surfaces in weighted projective 3-spaces. We shall describe their
singularities and, choosing their minimal resolutions, we shall compute
their zeta-functions, Picard numbers and the orders of their Brauer groups.
Let k be a field of characteristic p(0). Let k be an algebraic closure
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of k, fixed once and for all. For a non-negative integer r, let Q=(q0 , ..., qr)
be an (r+1)-tuple of positive integers such that
gcd(qi , p)=1 for every i (0ir). (1)
Write S(Q) for the polynomial algebra k[x0 , ..., xr] graded by the
condition deg (xi)=qi for every i. The weighted projective r-space over k of
type Q (cf. [5, 8]) is defined to be the projective variety
Prk(Q)=Proj S(Q).
If qi=1 for all i, then Prk((1, ..., 1)) is nothing but the usual projective
r-space, Prk , over k. Throughout the paper, we use the notation
Q=(q0 , ..., qr) only for weighted projective spaces; thus, we may call such
an (r+1)-tuple a weight. A weight Q=(q0 , ..., qr) is said to be normalized
(cf. [7]) if it satisfies the condition:
gcd(q0 , ..., qi&1 , qi+1 , ..., qr)=1 for 0ir. (2)
Choosing normalized weights is not a restriction. In fact, given Prk(Q),
there exists a normalized weight Q$ such that Prk(Q)$P
r
k(Q$) (cf. [8,
Sect. 1.3.1]).
We shall recall that weighted projective spaces can be defined also as
quotient varieties. Fix a weight Q=(q0 , ..., qr) as above. Extend k, if
necessary, so that it contains all the qi th roots of unity in k _ for every i.
Let +qi=(‘qi) be the cyclic group generated by a primitive qi th root of
unity ‘qi . Let + be the direct product of the +qi ’s (0ir), i.e.,
+=+q0_ } } } _+qr . (3)
For ‘=(‘c0q0 , ..., ‘
cr
qr
) # + with ci # Zqi Z, define an action of + on Prk
(=Proj k[ y0 , ..., yr]) by
‘: [ y0 , ..., yr] [ [‘c0q0 y0 , ..., ‘
cr
qr
yr]. (4)
Then this action induces an isomorphism
Prk +[P
r
k(Q)
of varieties over k. The isomorphism implies, in particular, that Prk(Q) is a
normal variety.
We are interested in surfaces over finite fields; from here on, take k=Fq
to be a finite field of q=pn elements. We fix a weighted projective 3-space,
P3k(Q), over k of type Q=(q0 , q1 , q2 , q3). Let m be a positive integer such
that qi | m for every i (0i3). Let c :=(c0 , c1 , c2 , c3) be an element of
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(k_)4. The main object of this paper is a surface in P3k(Q) defined by an
equation of the form:
c0xmq00 +c1x
mq 1
1 +c2x
mq2
2 +c3x
mq3
3 =0.
We shall call such a surface the weighted diagonal surface in P3k(Q) of
degree m with twist c. Weighted diagonal surfaces are, in general, singular
surfaces; they have cyclic quotient singularities. To investigate their
arithmetic properties, we shall choose their minimal resolutions; they are
determined uniquely up to isomorphisms. For the minimal resolutions of
weighted diagonal surfaces, we obtain the following results:
(i) their zeta-functions can be described in terms of twisted Jacobi
sums;
(ii) the validity of the Tate conjecture is established for them;
(iii) their Picard numbers can be calculated by using twisted Jacobi
sums; and
(iv) in some cases, the orders of Brauer groups can be computed in
terms of twisted Jacobi sums.
For our later convenience, we shall recall the Tate conjecture and a
formula for special values of zeta-functions. Let Xk be a smooth projective
surface defined over k. Let Z(Xk , T) denote the zeta-function of Xk , i.e.,
Z(Xk , T)=exp \ :

&=1
N&(Xk)
T &
& +
where T is an indeterminate and N& denotes the number of k&-rational
points on Xk with k& :=Fq& . It is known ([9, 14]) that Z(Xk , T ) is a
rational function of the form
Z(Xk , T )=
P1(Xk , T) P3(Xk , T)
(1&T) P2(Xk , T)(1&q2T )
where Pi (Xk , T )=det(1&8T | Hi (Xk , Q l)) # 1+TQ[T] is the charac-
teristic polynomial of the endomorphism 8, induced from the Frobenius
automorphism of Xk relative to k, acting on the i th l-adic (l{p) e tale
cohomology group Hi (Xk , Q l). Deligne [4] has proved that Pi (Xk , T )’s
are polynomials with integer coefficients whose reciprocal roots have
absolute value qi2.
On the other hand, one knows that the Ne ronSeveri group, NS(Xk ), of
Xk is a finitely generated Z-module and its Z-rank is bounded by the
dimension of H2(Xk , Q l). Write Pic(Xk) for the Picard group of Xk and
NS(Xk) for the image of Pic(Xk) in NS(Xk ). Then NS(Xk) is also a finitely
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generated Z-module; i.e., there is a positive integer \(Xk), called the Picard
number of Xk , such that NS(Xk)$Z\(Xk)NS(Xk)tor , where NS(Xk)tor
denotes the torsion subgroup of NS(Xk). On the Picard number \(Xk),
Tate [28] conjectured the following:
\(Xk) is equal to the multiplicity of q as a reciprocal root of P2(Xk , T ).
The conjecture has been verified for many surfaces; see, for instance,
[21] for a list of such surfaces. Assume that p{2. Then an important
consequence of the validity of the Tate conjecture is the following formula,
which we may call the ArtinTate formula, on the special value of
P2(Xk , q&s) as s  1:
lim
s  1
P2(Xk , q&s)
(1&q1&s)\(Xk)
=
(&1)\(Xk)&1*Br(Xk) det NS(Xk)
q:(Xk)*NStor(Xk)2
(5)
where *Br(Xk) is the order of the Brauer group of Xk , det NS(Xk) denotes
the intersection determinant of NS(Xk)NStor(Xk) and :(Xk)=Pg&
dim H1(Xk , OX)+dim(PicVar(Xk )) (Pg is the geometric genus of Xk , OX is
the structure sheaf on Xk and PicVar(Xk ) is the Picard variety of Xk ); see
[29, 21]. We shall use the Artin-Tate formula to compute the orders of the
Brauer groups of the minimal resolutions of weighted diagonal surfaces.
The paper is organized as follows.
In Section 1, we take k to be an arbitrary field and describe the set of
k-rational points in Prk(Q). Similar to the k-rational points in P
r
k , the set
of k-rational points in Prk(Q) can be identified with a quotient space of
Ar+1k "[O] by some equivalence relation. The property enables us to find,
in particular, that for any Q, the number of k-rational points in Prk(Q) is
equal to 1+q+ } } } +qr.
In Section 2, we recall several facts on singularities of quasi-smooth
weighted projective surfaces over arbitrary algebraically closed fields.
Throughout the section, we assume (1) and (2). The first condition implies
that quasi-smooth weighted projective surfaces have only cyclic quotient
singularities. We shall recall Hirzebruch’s resolution of cyclic quotient
singularities.
In Section 3, we choose k to be a finite field and consider quotient
surfaces of smooth projective surfaces by finite group actions. Assuming the
validity of the Tate conjecture for the original smooth surfaces, we shall
prove the Tate conjecture for (arbitrary) resolutions of quotient surfaces.
From Section 4 on, we consider weighted diagonal surfaces defined
over k. In Section 4, we choose k to be an arbitrary algebraically closed
field; from Section 5, we take k to be a finite field.
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In Section 4, we look into the singularities of weighted diagonal surfaces.
Specifically, we shall describe the singular locus of a weighted diagonal
surface, determine the types of its singularities and compute the minimal
field of definition for each singularity.
In Section 5, we compute the zeta-functions of the minimal resolutions of
weighted diagonal surfaces. Using a result of Section 1, we shall describe
their zeta-functions in terms of twisted Jacobi sums.
In Section 6, we present a formula for the Picard numbers of the minimal
resolution of a weighted diagonal surface over finite extensions of k. We
shall first prove the Tate conjecture for the minimal resolution. Then
computing the orders of poles of zeta-functions, we shall give a formula for
the Picard numbers.
In Section 7, we discuss the orders of Brauer groups of the minimal
resolutions of weighted diagonal surfaces. We shall confine ourselves to the
cases where Ne ronSeveri groups have Z-bases consisting only of canonical
divisors and exceptional divisors. In such cases, if certain conditions are
satisfied, the ArtinTate formula enables us to compute the orders of the
Brauer groups in terms of twisted Jacobi sums.
In Section 8, we determine the degrees and weights for which the minimal
resolutions of weighted diagonal surfaces become K3. There are precisely
14 such pairs. In each case, we shall compute the maximal Picard number
of the minimal resolution.
Notation. We write Z, Q and C for the ring of rational integers, the
field of rational numbers and the field of complex numbers, respectively.
For a positive integer n and a field k, Ank denotes the affine n-space over
k. Its origin (0, ..., 0) will be denoted by O.
We use the letter W for varieties of arbitrary dimensions, and letters X,
Y etc. for surfaces. When we need to specify the fields of definition for
varieties, we put the fields at the subscript, for instance, as Wk and Xk .
1. Rational Points in Weighted Projective Spaces
In this section, we describe the set of rational points in a weighted
projective r-space over an arbitrary field. Subsequently, we shall apply the
result to varieties over finite fields.
Let k be a field of characteristic p (0). Let k be an algebraic closure
of k. Fix a weight Q=(q0 , ..., qr) which satisfies (1) and the condition:
gcd(q0 , ..., qr)=1. (6)
For the weighted projective r-space, Prk(Q), over k of type Q, let P
r
k(Q)
0
denote the set of k-rational points in Prk(Q).
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Lemma 1.1. For t # k _ and (x0 , ..., xr) # k r+1"[O], define a k _-action
on the set k r+1"[O] by
t } (x0 , ..., xr)=(tq0x0 , ..., tqrxr).
Then Prk (Q)
0 can be identified with the quotient
Prk (Q)
0=(k r+1"[O])k _.
Proof. See [8, Sect. 1.2]. K
The k-rational points in Prk(Q) are the elements of P
r
k (Q)
0 fixed by the
Galois group 1 :=Gal(k k); i.e., Prk(Q)
0&[Prk (Q)
0]1. Here an element
_ # 1 acts on Prk (Q)
0 by the formula
_(x0 , ..., xr)=(x_0 , ..., x
_
r )
where (x0 , ..., xr) is an arbitrary element representing an equivalence class
of Prk (Q)
0. (The formula is independent of the choice of (x0 , ..., xr).) We
shall describe the set Prk(Q)
0 more concretely.
Lemma 1.2. Prk(Q)
0 is identified with the quotient space
(kr+1"[O])t
where ‘‘t’’ denotes an equivalence relation on kr+1"[O] defined as follows:
for two points x :=(x0 , ..., xr) and y :=( y0 , ..., yr) in kr+1"[O], we write
xty if there exists some t # k _ such that (x0 , ..., xr)=(tq0y0 , ..., tqryr).
Proof. It is clear that [Prk (Q)
0]1#(kr+1"[O])t. To show the
converse inclusion, take an arbitrary element x=(x0 , ..., xr) # [Prk (Q)
0]1.
Then for each _ # 1 there exists a unique element t_ # k _ such that
x_i =t
qi
_ xi for all i (0ir). (The uniqueness follows from the condition
(6).) Thus, we may define a map:
f : 1  k _
_ [ t_ .
By (6), f becomes a 1-cocycle map of 1 into k _. Further, Hilbert’s
Theorem 90, viz. H1(1, k _)=0, implies that f is a 1-coboundary map:
there exists an element u # k _ such that t_=u1&_ for every _ # 1. Put
yi :=uqixi (0ir) and y :=( y0 , ..., yr). Then clearly xty. By the choice
of u, y_i =(u
_)qi x_i =(ut
&1
_ )
qi x_i =u
qixi=yi for every _ # 1. Hence yi # k for
0ir. Therefore x # (kr+1"[O])t. K
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We shall apply the lemma to the case k :=Fq .
Proposition 1.3. Let k=Fq be a finite field of q elements. Then each
equivalence class of (kr+1"[O])t consists of q&1 elements of kr+1"[O].
Consequently, for any weight Q, Prk(Q)
0 has 1+q+ } } } +qr elements.
Proof. Take an arbitrary element x=(x0 , ..., xr) of kr+1"[O]. After
permuting the entries, we may assume, without loss of generality, that x
has the form x=(0, ..., 0, xs , ..., xr), where s (0sr) is the smallest
integer satisfying xi {0 for sir. If O(x) denotes the equivalence class
of x, then it consists of vectors of the form t } x=(0, ..., 0, tqsxs , ..., tqrxr) #
kr+1"[O] with t # k _. Let d=gcd(qs , ..., qr), bi=qid (sir) and u=td.
Then since ubi=tqi # k_ for sir and gcd(bs , ..., br)=1, we have u # k_.
Thus, O(x) can be written as
O(x)=[(0, ..., 0, ubsxs , ..., ubrxr) # kr+1"[O] | u # k_].
This implies that *O(x)=q&1. Therefore *Prk(Q)=(qr+1&1)(q&1)=
1+q+ } } } +qr. K
From Proposition (1.3), we immediately find the following formula.
Corollary 1.4. Let k=Fq be a finite field of q elements. Denote by k&
the extension of k of degree &1. Let Wk be a variety in a weighted projective
r-space over k. Write N&(W) for the number of k&-rational points on Wk and
N&(W ) for the number of affine solutions for the defining equations of Wk in
the affine (r+1)-space Ar+1k& . Then
N&(W )=1+(q&&1) N&(W).
2. Singularities of Quasi-Smooth Weighted Projective Surfaces
In this section, we recall some fundamental facts about singularities of
quasi-smooth projective surfaces in weighted projective spaces. As we
assume condition (1), such surfaces have only cyclic quotient singularities.
As in Section 1, we take k to be an arbitrary field of characteristic p
(0). Fix an algebraic closure, k , of k. Let Q=(q0 , ..., qr) be a weight
satisfying (1); i.e.,
gcd(qi , p)=1 for (0ir).
Denote by Prk (Q)sing the set of all singularities of the weighted projective
r-space Prk (Q).
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Proposition 2.1. (a) Prk (Q) has only cyclic quotient singularities.
(b) Assume that Q is normalized (cf. (2)). For a point P=[x0 , ..., xr]
# Prk (Q), let IP denote the set [i | 0ir, xi {0]. Then
Prk (Q)sing=[P # P
r
k (Q) | gcd(qi | i # IP)2].
Proof. (a) See Proposition (1.3.3) (ii) of [8].
(b) In the case k =C, the assertion is proved in Proposition 7 of [7]:
the main idea is to use a branched cover of Prk (Q) and a property of the
purity of the branch locus (cf. loc. cit., Corollary 3). In our case, condition
(1) enables us to use the same branched cover of Prk (Q). The purity of
the branch locus is then guaranteed by Proposition 2 of [31]. Hence the
assertion holds also over k. K
We shall confine ourselves to a family of varieties called quasi-smooth
weighted projective varieties. An advantage of choosing such varieties is
that their singular loci can be described rather simply.
Let @: Ar+1k "[O]  P
r
k (Q) be the canonical projection induced from the
k _-action defined in Lemma (1.1). For a variety Wk in P rk(Q), let @
&1(Wk )
denote the Zariski closure of @&1(Wk ) in Ar+1k . Wk is called quasi-smooth
if the affine variety @&1(Wk ) is smooth outside the origin. Wk is called a
(weighted ) complete intersection if it is defined by a system of equations
f1= } } } =fs=0
such that
dim Wk=r&s.
We say that Wk is in general position relative to Prk (Q)sing (cf. [6]) if
codimW (Wk & Prk (Q)sing)2.
For quasi-smooth weighted complete intersections, we can compute
various geometric quantities explicitly.
Proposition 2.2. Let Q=(q0 , ..., qr) be a weight satisfying (1). Let Wk
be a quasi-smooth weighted complete intersection in Prk(Q) defined by the
equations f1= } } } =fs=0 with dim Wk=r&s. For each i (1is) write
di=deg fi . Then the following assertions hold.
(a) Hi (Wk , O)=0 for 0<i<dim Wk , where O denotes the structure
sheaf of Wk .
(b) The dualizing sheaf, |W , of Wk can be computed as
|W $O(d1+ } } } +ds&q0& } } } &qr).
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(c) Let ;i=dimk H 0(Wk , O(i)). Then
:

i=0
;itn=
(1&td1) } } } (1&tds)
(1&tq0) } } } (1&tqr)
.
In particular, the geometric genus of Wk is equal to
Pg(Wk )=;d1+ } } } +ds&q0& } } } &qr .
Proof. See [8]. K
Proposition 2.3. Assume that Q is normalized. Let Wk be a weighted
projective variety in Prk(Q).
(a) Suppose that Wk is quasi-smooth. Then Wk has only cyclic
quotient singularities.
(b) Suppose that Wk is a quasi-smooth complete intersection in general
position relative to Prk (Q)sing . Then
(Wk )sing=Wk & P rk (Q)sing .
Proof. (a) This follows from Theorem (3.1.6) of [8].
(b) See Proposition 8 of [6]. K
From here on, we confine ourselves to surface singularities. We shall
describe minimal resolutions of cyclic quotient singularities. First we recall
resolution of surface singularities in general and fix some notations and
terminology.
Let X be a surface over k , smooth or singular. It is proved by Abhyankar
[1] that there exists a proper birational morphism ?: X  X with X a
smooth surface over k . Such a pair (X , ?) may be called a resolution (of
singularities) of X. If X is smooth, then ? can be factored into a finite
sequence of blowings up and blowings down. If X is singular, then the
singularities can be resolved by a succession of blowings up and normaliza-
tions. Then using also blowings down, we find all the resolutions of X. The
procedure may be illustrated in Fig. 1, where X i are smooth surfaces over
Fig. 1. Resolution of surface singularities.
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k , arrows ‘‘e’’ indicate blowings up or normalizations, and arrows ‘‘z’’
mean blowings down. We call these morphisms factors of ?.
Every surface over k has a unique minimal resolution ([20,
Corollary (27.3)]). Let X be a singular surface over k . Let ?: X  X be the
minimal resolution of X. For each singularity P on X, the closed fibre
?&1(P)red is a one-dimensional connected scheme over k . We may call
?&1(P)red the exceptional curve over P relative to ?. (When a resolution ?
is fixed, we often omit to say ‘‘relative to ?.’’) An irreducible component
of an exceptional curve over P will be called an irreducible curve with
exceptional support (over P relative to ?). A finite (formal) sum of
irreducible curves with exceptional support is called an exceptional divisor
on X .
We now return to weighted projective surfaces. Let Xk be a quasi-
smooth weighted projective surface in Prk(Q). From Propositions (2.1) and
(2.3), Xk has only cyclic quotient singularities. We shall describe cyclic
quotient singularities more concretely.
Proposition 2.4. Let Xk be a quasi-smooth weighted projective surface
over k in Prk(Q). Let P be a cyclic quotient singularity of Xk (if there is any).
Then there exist an e tale neighbourhood, U, of P and a pair of positive
integers, (n, :), such that
(i) 1:<n with gcd(n, :)=1;
(ii) gcd( p, n)=1; and
(iii) U is isomorphic to a quotient space V({).
Here V is an neighbourhood of (0, 0) in A2k :=Spec k [x, y] and ({) is a
cyclic group generated by the action
{: (x, y) [ (‘nx, ‘:n y)
on V, where ‘n is a primitive n th root of unity in k _. P is identified with the
image of (0, 0).
Proof. The result follows from Proposition (2.3)(a). The particular
choice of x, y and ({) is guaranteed by Proposition (5.3) of [2]. K
Remark. We may call such P a cyclic quotient singularity of type An, :
(cf. [2, 16]). As we assume (1), Xk does not have cyclic quotient
singularities of type An, : with p | n.
Resolution of cyclic quotient singularities was obtained by Hirzebruch
for complex surfaces [16]; subsequently, the result was proved also by
Fujiki [11] with a different method. We shall rediscover Hirzebruch’s
resolution of cyclic quotient singularities over more general fields.
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Proposition 2.5. Let k be a field of characteristic p (0). Let Xk be a
projective surface over k. Suppose that Xk has a cyclic quotient singularity,
P, of type An, : ( p |% n). Denote by k(P) the minimal field of definition for P
over k. Write ?: X k  Xk for the minimal resolution of Xk . Then the following
assertions hold.
(a) P can be resolved by a finite number of blowings up on Xk .
(b) The closed fibre of ? over P is a union of projective lines, say,
E1 _ } } } _ Em with Ei $P1k (1im) for some m.
(c) Each Ei (1im) is defined over k(P).
(d) For 1im&1, Ei intersects Ei+1 transversally at exactly one
point and
Ei } Ej={1 if |i&j |=10 if |i&j |2.
(e) The number m and self-intersection numbers E 2i =: &bi (1im)
can be computed by expanding n: into a continued fraction as
n
:
=b1&
1
b2&
1
} } }
1
bm
with bi2 for every i (1im).
Proof. Recall that, with the notation of Proposition (2.4), P can be
identified with the singularity (0, 0) of V({); the transformation map
from P to (0, 0) is defined over k(P). The action ({) can be lifted to an
action over C naturally. Hence we may use the resolution of cyclic quotient
singularities over C. There, it is known ([16, 11]) that the singularity
of V({) can be resolved by a succession of blowings up and that the
assertions (a)(e) hold. As blowings up (at the origin) can be defined over
an arbitrary field, we may also use them over k . Thus, the procedure of
resolution of singularity at P over k is exactly the same as that over C.
Therefore the assertions hold also over k . K
We shall determine the field of definition for the minimal resolution of a
surface in Prk(Q).
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Proposition 2.6. Let k be a field of characteristic p (0). Choose
a weight Q=(q0 , ..., qr) satisfying (1) and (2). Let Xk be a quasi-smooth
complete intersection of dimension 2 over k in general position relative to
Prk (Q)sing . Write X k  Xk for the minimal resolution of Xk . Then X k is
defined over k.
Proof. Let p be the prime ideal in S(Q)=k[x0 , ..., xr] associated to
Xk ; i.e., Xk is the zero set of p. Denote by p~ the prime ideal associated to
X k . It follows from Propositions (2.1) and (2.3) that each singularity
P # (Xk )sing is a solution of a system of equations over k. Moreover, all the
conjugates of P by Gal(k k) are also singularities of Xk . Hence _(p~ )=p~ for
every _ # Gal(k k). Therefore Xk can be defined over k (cf. [19, Chap. 3,
Sects. 2 and 3]). K
Remark. Although X k is defined over k, the birational morphism
X k  Xk associated to the desingularization is not usually defined over k;
it is defined over a finite extension of k where all the singularities of Xk can
be defined.
3. The Tate Conjecture
In this section, we choose k to be a finite field. The aim of this section
is to prove the Tate conjecture for (minimal) resolutions of certain quotient
surfaces.
Let k=Fq be a finite field of q=ph elements. Fix an algebraic closure k
of k and put 1=Gal(k k). Let Xk be a scheme over k of dimension 2. Fix
a prime l ({p). For n0, the n th l-adic e tale cohomology group of Xk is
defined to be the Q l -vector space:
Hn(Xk , Q l) :=Q l Z l i
Hn(Xet , ZliZ).
From the Kummer sequence of sheaves on Xet , we find a homomorphism:
Pic(Xk )Q l  H2(Xk , Q l(1))
where Q l(1) denotes a Tate twist of the l-adic sheaf. We may call this
homomorphism a cycle map.
Suppose that Xk is a smooth projective surface over k. Then the cycle
map splits into the following homomorphisms:
Pic(Xk )Q l  NS(Xk )Q l /H
2(Xk , Q l(1)).
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Taking 1-invariant pieces of the sequence and using a theorem of Lang
[18], we obtain an injective homomorphism:
NS(Xk)Q l /H
2(Xk , Q l(1))
1.
The map may be called a cycle class map and the elements of H2(Xk ,
Ql(1))
1 in the image of NS(Xk)Q l are often called algebraic cycles over k.
For Picard groups and Ne ronSeveri groups, we have
[Pic(Xk ) Q l]
1$Pic(Xk)Q l $NS(Xk)Q l . (7)
Using the cycle class map, we have a cohomological formulation of the
Tate conjecture.
Theorem 3.1. For a smooth projective surface Xk over k, the following
conditions are equivalent:
(i) The Tate conjecture holds for Xk .
(ii) There exists a prime l({p) such that the cycle class map
NS(Xk) Z Q l  H2(Xk , Q l(1))1
is bijective.
Proof. See Theorem (5.2) of [29] and Theorem (4.1) of [21]. K
Lemma 3.2. Let Xk be a smooth projective surface over k and let k$ be
a finite extension of k. Suppose that the Tate conjecture holds for Xk$ . Then
it holds also for Xk .
Proof. The result follows immediately from Theorem (3.1). K
Let X be a scheme over k . Let Z be a closed subscheme of X and put
U :=X"Z. For any sheaf F on Xet , we have a long exact sequence
} } }  H nZ(Xet , F)  H
n(Xet , F)  Hn(Uet , F| U)  } } } (8)
where H nZ(Xet , F) denotes the n th cohomology group with support on Z.
Proposition 3.3. Let X be a smooth surface over k . Let Z be a closed
subscheme of X of codimension c (=1, 2); put U :=X"Z. Let m be a positive
integer relatively prime to p (=char(k)). Let F be a locally free constant
sheaf of ZmZ-modules of finite rank on Xet . Then
Hn(Xet , F)$H n(Uet , F|U) for 0n2c&2.
Proof. Cf. [22, VI.5.4 (b)]. K
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Proposition 3.4. Let X be a smooth projective surface over k . Let Z be
a union of a finite number of distinct irreducible smooth projective curves on
X, say Ci (1is), which meet transversally: Z=C1 _ } } } _ Cs . Then
(a) H 2Z(X, Q l(1))$Q l  } } } Q l (s copies).
(b) H iZ(Xet , Gm)${0Z } } } Z (s copies)
for i{1, 3, 4
for i=1
where Gm denotes the sheaf of multiplicative groups on Xet .
Proof. (a) Note first that by the MayerVietoris sequence, the proof
may be reduced to the case where Z is connected. We prove the assertion
by induction on the number of irreducible components of Z.
If s=1, then Z is a smooth projective curve. Hence the assertion follows
from
H 2Z(X, Q l(1))$H
0(Z, Q l(1)(&1))$H
0(Z, Q l)$Q l .
In general, put Z0=C1 _ } } } _ Cs&1 and decompose Z into Z0 _ Cs .
Applying the Mayer-Vietoris sequence to Z0 _ Cs , we find the exact
sequence:
} } }  H 2Z0 & Cs(X, Q l(1))  H
2
Z0(X, Q l(1))H
2
Cs(X, Q l(1))
 H 2Z(X, Q l(1))  } } } .
Since Ci ’s meet transversally, Z0 & Cs is a finite set of points. Thus,
H iZ0 & Cs(X, Q l(1))=0 for i1. In particular,
H 2Z(X, Q l(1))$H
2
Z0(X, Q l(1))H
2
Cs(X, Q l(1)).
Therefore the result follows from the inductive hypothesis.
(b) See Proposition (4.6) of [25]. K
Lemma 3.5. Let X be a smooth projective surface over k .
(a) Let Z be a finite set of closed points on X. Put U :=X"Z. Then
the following diagram is commutative:
Pic(X)Q l ww
res
$
Pic(U)Q l
cycle cycle
H 2(X, Q l(1)) ww
res
$
H 2(U, Q l(1))
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where the vertical arrows are cycle maps and the horizontal arrows are
restriction maps. The map Pic(X)  Pic(U) is defined by sending each
invertible sheaf, D, on X to the sheaf D|U on U. Both restriction maps are
isomorphisms.
(b) Let Z be a union of a finite number of distinct irreducible smooth
projective curves on X, say Ci (1is), which meet transversally: Z=
C1 _ } } } _ Cs . Put U :=X"Z. Then the following diagram is commutative
and the rows are exact:
Ql  } } } Ql
s
ww Pic(X )Q l ww
res
Pic(U)Q l ww 0
$ cycle cycle
Ql  } } } Ql
s
ww H2(X, Q l(1)) ww
res
H 2(U, Q l(1)).
Proof. (a) Since X and U are schemes over k , the cycle maps are
well-defined. The restriction map in the bottom row is obtained from (8)
by letting F=ZliZ(1), taking inverse limits and tensoring by Q l . The map
is indeed an isomorphism by Proposition (3.3). The restriction map in the
top row arises from (8) by taking F=O*. As codim(Z, X)=2, this map
is also an isomorphism (cf. [15, II, Proposition (6.5)]). The commutativity
of the diagram is obvious.
(b) As in (a) above, we use the sequence (8) and find the following
commutative diagram with rows and columns exact:
H 1Z(Xet , Gm)Q l w H 1(Xet , Gm)Q l ww
res H 1(Uet , Gm)Q l w H 2Z(Xet , Gm)Q l
cycle cycle
H 2Z(X, Q l(1)) w H
2(X, Q l(1)) ww
res H 2(U, Q l(1))
H 2Z(Xet , Gm)Q l
Here columns are induced from the Kummer sequence and rows are
obtained from (8). It is clear that the diagram is commutative. It then
follows from Proposition (3.4)(b) that the map
H 1Z(Xet , Gm)Q l  H
2
Z(X, Q l(1))
is surjective since H 2Z(Xet , Gm)=0. Furthermore, from Proposition (3.4),
both vector spaces have the same dimension over Q l . Hence the map above
is indeed an isomorphism. Therefore we obtain the diagram we are after. K
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Proposition 3.6. Let G be a finite group of order m. Let W be a smooth
quasi-projective variety over k such that G is a subgroup of Autk (W) and that
the quotient space WG has the structure of a smooth quasi-
projective variety over k . Write .: W  WG for the quotient morphism
associated to G. Let F be a sheaf on W (or on Wet) such that the G-action
is compatible with morphisms between sections on W and that the multiplication
by-m map is an automorphism on F. Then for n0,
Hn(WG, .
*
(FG))$H n(W, F)G.
Proof. See Corollaire to Proposition (5.2.3) of [13]. K
We shall discuss the validity of the Tate conjecture for resolutions of
singularities of quotient surfaces. The notation of Section 2 remains in
force.
Theorem 3.7. Let Yk be a smooth projective surface over k=Fq
(q=pn). Let G be a finite subgroup of Autk(Yk) such that p |% *G and that
the quotient YkG (=: Xk) has the structure of a projective surface over k.
Let ?: X k  Xk be a resolution of singularities of Xk . Choose an arbitrary
finite extension, k? , of k where all the factors of ? can be defined. Let k$ be
the smallest field of definition for X (k? #k$). Assume that the Tate conjecture
holds for Yk? . Then the conjecture holds for X over arbitrary intermediate
fields between k? and k$.
Proof. We introduce several notations. Let .: Yk  Xk be the canonical
quotient morphism associated to the G-action. Let Xsing denote the set of
all singularities of Xk . Xsing is a finite set of points since Xk is normal (for,
Yk is smooth and G is finite). We put Xns :=Xk "Xsing , Y (sing) :=.&1(Xsing)
and Y (ns) :=Yk "Y (sing). Clearly, Y (sing) is a finite set of points. For the
resolution ?: X k  Xk , we define X (sing) :=?&1(Xsing) and X (ns) :=X k "X (sing).
The proof consists of two parts, depending on whether Xk is smooth or
singular. In both cases, Lemma (3.2) implies that it suffices to prove the
conjecture for Xk? .
Suppose that Xk is smooth. Then ? can be factored into a finite number
of blowings up and blowings down. Hence it is clear that the Tate conjecture
holds for Xk? .
Suppose now that Xk is singular. Then there exists a smooth projective
surface, X 0 , and a proper birational morphism ?0 : X 0  Xk such that ?0
is a finite composite of blowings up and normalizations and that ? can be
factored into X w X 0w
?0 Xk . Here X w X 0 is a birational morphism
between smooth surfaces, to which we may apply the preceding result.
Hence we may reduce the proof to proving the Tate conjecture for X 0 . By
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abuse of notation, we write X for X 0 and ? for ?0 . Note that ? induces an
isomorphism:
X "?&1(Xsing)$Xk "Xsing .
Choosing X=Yk , Z=Y (sing) and U=Y (ns) in Lemma (3.5)(a), we find a
commutative diagram:
Pic(Yk )Q l ww
res
$
Pic(Y (ns))Ql
cycle cycle
H2(Yk , Ql(1)) ww
res
$
H2(Y (ns), Ql(1)).
Put 10 :=Gal(k k?). By a functoriality of the Frobenius endomorphism, all
the maps in the diagram are commutative with the 10 -action. From the
assumption that the Tate conjecture holds for Yk? , we find that the following
cycle map is an isomorphism:
[Pic(Y (ns))Q l]
10  H2(Y (ns), Q l(1))
10. (9)
Here Y (ns) is closed under the G-action and Y (ns)G$Xns . As p |% *G,
Pic(Y (ns))G$Pic(Xns). Moreover, the G-action is compatible with the
10-action. Hence taking G-invariant pieces of (9) and using Proposi-
tion (3.6), we obtain an isomorphism:
[Pic(Xns)Q l]10  H2(Xns , Q l(1))10.
As ? induces an isomorphism X (ns)$Xns , between varieties, we may rewrite
the above isomorphism into the following:
[Pic(X (ns))Q l]
10 ww$ H 2(X (ns), Q l(1))
10. (10)
Now take X=X k , Z=X (sing) and U=X (ns) in Lemma (3.5)(b). We find a
commutative diagram:
0 ww(V) Ql } } } Q l
s
ww Pic(X k )Ql ww
res Pic(X (ns))Q l ww 0
$ cycle cycle
Ql  } } } Q l
s
ww H 2(X k , Q l (1)) ww
res H2(X (ns), Ql(1))
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with row split exact and s being the number of distinct irreducible curves
in X (sing). The injectivity (V) follows from the fact that X (sing) consists only
of exceptional curves on X k (cf. [20, Section 14]). Taking 10-invariants of
the diagram, we find the following commutative diagram:
0
0 w Ql  } } } Q l
s
w [Pic(X k )Ql ]10 w [Pic(X (ns))Q l ]10 ww
(VV) 0
Ql  } } } Q l
s
w H2(X k , Ql (1))10 w H2(X (ns), Q l (1))1 0.
Here the injectivity of the cycle map in the middle column follows from (7).
The surjectivity (VV) follows from every row sequence in the previous
diagram being split. Clearly, the top row is exact; the bottom row is also
exact since 10 acts on Q l  } } } Q l trivially. On this diagram, it follows
from (10) that the right vertical arrow is an isomorphism. Hence by
diagram chasing, we find that the cycle class map
NS(X k?)Q l  H
2(X k , Q l(1))
1 0
is an isomorphism. Therefore the Tate conjecture holds for X k ? . K
Remark. I am indebted to Professor Kazuya Kato for giving me the
idea of proof of Theorem (3.7) and, in particular, the idea of using
Lemma (3.5).
The next proposition will be used in Section 7.
Proposition 3.8. Let Y be a smooth projective surface over k . Let G be
a finite subgroup of Autk (Y) such that p |% *G and that the quotient YG
(=: X) has the structure of a projective surface over k . Write ?: X  X for
a resolution of X. Then the following assertions hold.
(a) If Pic(Y) is torsion-free, then Pic(X k ) is also torsion-free.
(b) If Pic(Y) has no non-zero divisible elements, then neither does
Pic(X ).
Proof. As in the proof of Theorem (3.7), we may decompose ? into
X  X 0 w
? 0 X, where X 0 is a smooth projective surface over k and ?0 is a
finite composite of blowings up and normalizations of X. It is immediately
seen that the proof can be reduced to proving (a) and (b) for Pic(X 0). By
abuse of notation, we let X :=X 0 and ? :=?0 .
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The notation of the proof of Theorem (3.7) remains in force. It follows
from Lemma (3.5) (without Q l) and Proposition (3.6) that there are
isomorphisms:
Pic(X (ns))$Pic(Xns)$Pic(Y (ns)G)$Pic(Y (ns))G$Pic(Y)G.
From [20, Section 14], we find an exact sequence
0  Z } } } Z
s
 Pic(X )  Pic(X (ns))  0
where s is the number of distinct irreducible curves in X (sing). Replacing
Pic(X (ns)) with Pic(Y)G, we obtain
0  Z } } } Z  Pic(X )  Pic(Y )G  0. (11)
Hence if Pic(Y ) is torsion-free, then so is Pic(X ) as Z } } } Z is torsion-
free. This proves (a). Similarly, (b) is deduced also from the above exact
sequence. K
Corollary 3.9. Under the same hypotheses of Proposition (3.8), assume,
furthermore, that Y is a smooth complete intersection. Then NS(X )=Pic(X ).
Proof. Note that NS(X )=Pic(X ) if and only if Pic(X ) is torsion-free
and has no non-zero divisible elements. Now it is known ([3,
The ore me (1.8)]) that NS(Y )=Pic(Y ). Hence Proposition (3.8) implies
the assertion. K
4. Weighted Diagonal Surfaces: Singularities
From this section, we shall consider weighted diagonal surfaces. The
purpose of this section is to describe the singularities of weighted diagonal
surfaces over an algebraically closed field.
Let k be a field of characteristic p (0). Fix an algebraic closure k
of k. Choose a weight Q=(q0 , q1 , q2 , q3) satisfying (1) and (2). Let m be
a positive integer such that p |% m and that qi | m for every i (0i3).
Choose a quadruplet c :=(c0 , c1 , c2 , c3) in (k_)4. Let Xk be the weighted
diagonal surface in P3k(Q) of degree m with twist c, i.e.
Xk : c0xmq00 +c1 x
mq1
1 +c2x
mq2
2 +c3x
mq3
3 =0/P
3
k(Q)
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where x0 , ..., x3 are projective coordinates of P3k(Q). Clearly, Xk is a quasi-
smooth weighted complete intersection in general position relative to
P3k (Q)sing . Hence by Proposition (2.3),
Xsing=Xk & P3k (Q)sing . (12)
We shall consider a decomposition of the set Xsing . Let J be the set of
ordered pairs of integers, (i, j), with 0i<j3; i.e.
J=[(i, j) | i, j # Z, 0i<j3].
It follows from Proposition (2.1) that each singularity of P3k (Q) has 2 or
more zero coordinates. For each (i, j) # J, let
Pij :=[P=[x0 , x1 , x2 , x3] # Xk | xi xj {0, xh=0 for h{i, j]
and
dij :=gcd(qi , qj).
By (12) and Proposition (2.1), we have Pij /Xsing if and only if dij2. Let
J0 be the subset of J consisting of (i, j)’s with dij2; i.e.
J0 :=[(i, j) # J | dij2]. (13)
Then
Xsing= .
(i, j) # J0
Pij (disjoint union). (14)
We shall compute the cardinality of Pij . Let Yk be a diagonal surface in
P3k of degree m with twist c:
Yk : c0ym0 +c1y
m
1 +c2y
m
2 +c3 y
m
3 =0/P
3
k .
It is clear that +=+q0 _ } } } _+q3 (cf. (3)) acts on Yk by (4) and that we
have an isomorphism:
Xk $Yk +.
Proposition 4.1. Let P be a point in Pij with (i, j) # J.
(a) There exists a solution, #P # k _, of the equation
ci+cj #mP =0
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such that P can be identified with the set
{[’i , ’j#P] # P1k } ’i and ’j range over +qi and +qj , respectively==: P .
(b) Let eij :=lcm(qi , qj). Then *Pij=meij .
Proof. (a) Take an inverse image, P0 # Yk , of P through the quotient
morphism Yk  Xk . We can identify P with the set [‘ (P0) # Yk | ‘ # +].
Further, this set can be identified with P .
(b) The cardinality of P is independent of the choice of P # Pij . Thus,
m=*Pij*P . Since ’&1i ’j ranges over +eij , *P =eij . Hence the result
follows. K
Corollary 4.2. Let Xk be a weighted diagonal surface of degree m with
twist c. Then
*Xsing= :
(i, j) # J0
m
eij
.
Proof. This follows from (14) and the above proposition. K
We shall determine the types of singularities in Pij .
Proposition 4.3. Choose an arbitrary pair (i, j) # J0 . Let [i*, j*] be thecomplement of [i, j] in [0, 1, 2, 3] chosen in such a way that i
*
<j
*
. Then
there exists a unique integer :ij (1:ij<dij) such that
qi
*
:ij #qj
*
(mod dij).
All the singularities in Pij are cyclic quotient singularities of type Adij, :ij .
Proof. It follows from condition (2) that gcd(dij , qi
*
)=gcd(dij , qj
*
)=1.
Hence :ij is determined uniquely. Choose an arbitrary singularity P=
[x0 , ..., x3] in Pij . Let zi
*
:=yi
*
yi and zj
*
:=yj
*
yi where y’s are coordinates
of Yk . Put V :=Spec k [zi
*
, zj
*
]. Then P may be obtained as a unique
singularity of the quotient space V+dij , where +dij acts on V by
(zi
*
, zj
*
) [ (‘qi*zi
*
, ‘qj*zj
*
)
with ‘ ranging over +d ij . Since gcd(qi* , dij)=1, ‘
qi* also ranges over +dij . By
changing ‘ to ‘q i*, we may rewrite this action as
(zi
*
, zj
*
) [ (‘zi
*
, ‘:ijzj
*
)
with :ij determined above. Therefore P is of type Ad ij , :ij ; moreover, this
does not depend on the choice of P # Pij . K
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Corollary 4.4. If (i, j) and (u, v) are two distinct pairs in J0 , then the
types of singularities in Pij and Puv are different.
Proof. It suffices to prove that dij {duv . Suppose, on the contrary, that
dij=duv . Then gcd(qi , qj)=gcd(qu , qv)>1 and hence gcd(qi , qj , qu , qv)>1.
But, since (i, j) and (u, v) are distinct, this implies that there exist 3 entries
in Q, say qi , qj and qu , such that gcd(qi , qj , qu)>1. This contradicts the
assumption (2). K
Our next goal is to find the field of definition for each singularity in Pij .
We shall assume, throughout the following, that
k_ contains all the m th roots of unity in k _. (15)
In particular, if k=Fq is a finite field of q elements, the condition is
equivalent to assuming that q#1 (mod m). Put 1 :=Gal(k k). Let P be a
point in Pij with (i, j) # J0 . Define 1(P) to be the subgroup of 1 consisting
of the elements which fix P; i.e., 1(P) :=[_ # 1 | _(P)=P]. Write k(P) for
the minimal field of definition for P over k; namely, k(P) is the subfield of
k fixed by 1(P). Clearly, k(P) is a subfield of k(#P), where #P is a solution
of the equation in Proposition (4.1)(a). From (15), k(#P)k is a Kummer
extension. Put G(P) :=Gal(k(#P)k). Let mij be the order of &ci cj in the
quotient group (k(#P)m & k_)(k_)m. Then mij is a divisor of m and that
the extension degree of k(#P)k is mij . Furthermore, G(P) can be identified
with the group ZmijZ by the isomorphism:
ZmijZ ww
$ G(P)
u @ww gu such that gu(#P)=‘u#P
where ‘ is a fixed primitive mij-th root of unity in k_. Let H(P) be the
subgroup of G(P) consisting of the elements which fix P:
H(P) :=[gu # G(P) | gu(P)=P].
The inclusion relation among the fields may be illustrated as follows:
G(P)
H(P)
k #k(#P)#k(P)#k.
In order to determine k(P), we may compute H(P).
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Lemma 4.5. Let P be a point in Pij with (i, j) # J. Let mij be the order
of &ci cj in the quotient group (k(#P)m & k_)(k_)m. Fix a primitive mij th
root of unity, ‘, in k_. Put eij :=lcm(qi , qj) and fij :=mij gcd(mij , eij). Then
(a) H(P)$[gu # G(P) | u#0 (mod fij)].
(b) Fix (i, j) # J. For any points P, P$ # Pij , H(P)=H(P$).
Proof. (a) Choose an arbitrary element gu # G(P). We have
gu(P)=P  gu(P )=P  [[1, ’&1i ’j ‘
u#P]]=[[1, (’$i)&1 ’$j #P]].
Here both ’&1i ’j and (’$i)
&1 ’$j range over all eij th roots of unity. Thus, the
result follows from
gu(P)=P  ‘u is an eij th root of unity  fij |u.
(b) Since G(P)$G(P$) and fij is independent of the choice of P,
H(P)$H(P$). K
Proposition 4.6. Let P be a point in Pij with (i, j) # J. The notation of
Lemma (4.5) remains in force. Choose a solution, #ij # k , of the equation:
ci+cj # fijij =0.
Then k(P)=k(#ij); the field is independent of the choice of #ij . Furthermore,
given (i, j) # J, all the points in Pij have the same field of definition.
Proof. It follows from Lemma (4.5)(a) and from the Galois corres-
pondence between k(#P)k and G(P) that k(P)=k(#mfijP ). Hence choosing
#ij=#mfijP , we find the field of definition for P as asserted. Moreover, as k
contains all the fij th roots of unity, k(P) is independent of the choice of #ij .
The uniqueness of k(P) is an immediate consequence of Lemma (4.5)(b). K
Remark. Note that fij divides meij . In fact, from the definition of fij , we
find fij | mij and gcd( fij , eij)=1. As mij |m, meij is divisible by fij .
Proposition (4.6) implies that for every P # Pij , k(P) is a Galois extension
over k of degree fij . Its Galois group is isomorphic to 11(P) and it acts
on Pij .
Corollary 4.7. Let (i, j) be a pair in J. Let Pij t denote the set of
11(P)-orbits of Pij . Define eij and fij as in Lemma (4.5) and Proposi-
tion (4.6), respectively. Put
|ij :=
m
eij fij
.
Then the cardinality of Pij t is equal to |ij .
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Proof. As we remarked above, meij is divisible by fij ; thus, the fraction
makes sense. The results follows from Propositions (4.1) and (4.6). K
5. Weighted Diagonal Surfaces: Zeta-Functions
From this section, the fields of definition for weighted diagonal surfaces
are chosen to be finite fields. In this section, we shall describe the zeta-
functions of the minimal resolutions of weighted diagonal surfaces.
Let k be a finite field of q=ph elements. Fix an algebraic closure k of k.
Choose a weight Q=(q0 , q1 , q2 , q3) satisfying (1) and (2). Assume that
q#1 (mod qi) for 0i3. Let m be a positive integer such that
q#1 (mod m) and that qi | m for 0i3. Choose a quadruplet
c :=(c0 , c1 , c2 , c3) in (k_)4. Let Xk be the weighted diagonal surface in
P3k(Q) of degree m with twist c, i.e.,
Xk : c0xmq00 +c1 x
mq1
1 +c2x
mq2
2 +c3x
mq3
3 =0/P
3
k(Q) (16)
where x0 , ..., x3 are projective coordinates of P3k(Q).
We shall recall twisted Jacobi sums. Fix a multiplicative character
/: k_  C_ of k_ of exact order m; it exists since q#1 (mod m). Let A
denote the set
A={a=(a0 , a1 , a2 , a3) } ai # qiZmZ, ai {0 for 0i3; :
3
i=0
ai=0= .
For each a=(a0 , a1 , a2 , a3) # A, the twisted Jacobi sum associated to a, c
and / is the product
J (c, a)=/&1(ca00 c
a1
1 c
a2
2 c
a3
3 ) j(a).
Here j(a) is the Jacobi sum associated to a, i.e.,
j(a)= /a1(v1) /a2(v2) /a3(v3)
where the sum is taken over all triples (v1 , v2 , v3) # (k_)3 satisfying
1+v1+v2+v3=0. Twisted Jacobi sums are algebraic integers in the m th
cyclotomic field L :=Q(‘m) over Q (cf. [30, 12]).
Proposition 5.1. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m with twist c. Assume that q#1 (mod m). Then the zeta-function of
Xk has the form:
Z(Xk , T )=
1
(1&T) P2(Xk , T)(1&q2T )
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with
P2(Xk , T )=(1&qT ) `
a # A
(1&J (c, a) T ).
Proof. For &1, put k&=Fq& and let N&(Xk) denote the number of
solutions of the equation (16) in the affine 4-space A4k& over k& . Applying
results in [30] to our case, we find that
N&(Xk)=q3&+(q&&1) :
a # A
J (c, a)&.
Then Proposition (1.4) gives rise to the asserted formula. K
Remark. We can prove Proposition (5.1) also by computing the eigen-
values of the Frobenius endomorphism of e tale cohomology groups
H n(Xk , Q l) (0n4).
We shall describe the zeta-function of the minimal resolution of Xk .
Retain the notation of Section 4. Recall, in particular, that for 0i<j3,
we defined dij=gcd(qi , qj) and eij=lcm(qi , qj). Furthermore,
J0=[(i, j) | i, j # Z, 0i<j3, dij2].
Theorem 5.2. Let Xk be a weighted diagonal surface in P3k(Q) of degree
m with twist c. Assume that q#1 (mod m). For (i, j) # J0 , let :ij , fij and |ij
be the positive integers defined in Proposition (4.3), Proposition (4.6) and
Corollary (4.7), respectively. Let rij be the length of the continued fraction
expansion of dij :ij . For each (i, j) # J0 choose a primitive fij th root of unity,
’ij , in C_. Let ?: X k  Xk be the minimal resolution of Xk ; X k is defined
over k. Then the zeta-function of X k has the following form:
Z(X k , T )=
1
(1&T) P2(X k , T)(1&q2T )
where
P2(X k , T )=P2(Xk , T ) `
(i, j) # J0
[(1&qT )(1&’ijqT ) } } } (1&’ fij&1ij qT )]
rij |ij
=(1&qT ) `
a # A
(1&J (c, a) T)
_ `
(i, j) # J0
[(1&qT )(1&’ijqT ) } } } (1&’ fij&1ij qT )]
r ij |ij.
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Proof. Let P be a singularity in Pij with (i, j) # J0 . It follows from
Proposition (4.6) that k(P), the minimal field of definition for P, satisfies
[k(P): k]=fij .
Hence for each irreducible curve, E, with exceptional support over P, we have
N&(E)={q
&
0
if fij | &
otherwise.
By Proposition (2.5), there are rij irreducible curves with exceptional
support over P. Noting that every point in Pij has the same resolution
graph (cf. Proposition (4.3)), we find
N&(X k)=N&(Xk)+ :
(i, j) # J0
rij*Pij
fij
[q&+(’ijq)&+ } } } +(’ fij&1ij q)
&].
Furthermore, using Proposition (4.1) and Proposition (5.1), we obtain
N&(X k)=N&(Xk)+ :
(i, j) # J0
|ijrij[q&+(’ijq)&+ } } } +(’ fij&1ij q)
&]
=1+q&+q2&+ :
a # A
J (c, a)&
+ :
(i, j) # J0
|ijrij[q&+(’ijq)&+ } } } +(’ fij&1ij q)
&].
This immediately gives rise to the zeta-function of X k . K
Corollary 5.3. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m. The Betti numbers of X k are given as B0=B4=1, B1=B3=0 and
B2=1+*A+ :
(i, j) # J0
rijm
eij
.
Proof. Clear from the theorem. K
Corollary 5.4. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m. Let K be the canonical divisor of X k . Then
K2=9+12Pg(X k )&*A& :
(i, j) # J0
rijm
eij
.
Proof. From Proposition (2.2), Pg(X k )=Pa(X k ). Hence the Riemann
Roch Theorem implies the asserted formula for K2. K
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Corollary 5.5. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m with twist c. The notation and assumptions of Theorem (5.2) remain
in force. For each par (i, j) # J0 and integers &1, put g (&)ij :=gcd( fij , &) and
define
f (&)ij :=
fij
g (&)ij
and | (&)ij :=g
(&)
ij |ij .
Choose a primitive f (&)ij th root of unity, ’
(&)
ij , in C
_. Let ?: X k  Xk be the
minimal resolution of Xk ; X k is defined over k. Then P2(X k& , T ) has the
following form:
P2(X k& , T )=(1&q
&T ) `
a # A
(1&J (c, a)& T )
_ `
(i, j) # J0
[(1&q&T ) } } } (1&’ (&) f ij
(&)&1
ij q
&T )]rij |ij
(&)
.
Proof. From the definition of zeta-functions, P2(X k& , T) can be
computed from P2(X k , T ) by raising its reciprocal roots to their & th
powers. Thus, the first two products in the assertion immediately follow
from Theorem (5.2). The last product can be obtained by noting that ’h&ij
becomes 1 if and only if f (&)ij | h. K
6. Weighted Diagonal Surfaces: Picard Numbers
In this section, we prove that Tate conjecture for the minimal resolutions
of weighted diagonal surfaces. Then we shall compute their Picard numbers
using the Tate conjecture.
Throughout the section, the notation and assumptions of Sections 4 and
5 remain in force. Let k=Fq be a finite field of q=pn elements. Fix a
algebraic closure k of k. For integers &1, we put k& :=Fq& . For every
P3k(Q), we assume that Q satisfies (1) and (2).
Lemma 6.1. Let k$ be an arbitrary finite field. Let Yk$ be a diagonal
surface in P3k$ of degree m with twist c. Then the Tate conjecture holds
for Yk$ .
Proof. Choose a finite extension k" of k$ where Yk" becomes isomorphic
to the Fermat surface over k" of degree m. The Tate conjecture holds for
every Fermat surface over arbitrary finite fields (see [26], Theorem (2.6)).
Hence the conjecture also holds for Yk" . By Corollary (3.2), we deduce the
validity of the Tate conjecture for Yk$ . K
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Proposition 6.2. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m with twist c. Let X k  Xk be the minimal resolution of Xk ; X k is
defined over k. Then for &1, the Tate conjecture holds for X k& .
Proof. Recall that Xk is isomorphic to the quotient Yk +, where Yk
is a diagonal surface of degree m with twist c. Let .: X k  Xk be the
birational morphism associated to the desingularization. Choose a finite
extension, k$, of k where + and all the singularities of Xk can be defined.
Then Xk$ $Yk$ + and . is defined over k$ (cf. Remark after
Proposition (2.6)). Let k" be the composite field of k$ and k& . By
Lemma (6.1), the Tate conjecture holds for Yk" . Hence it follows from
Theorem (3.7) that the conjecture holds also for X k& . K
Proposition 6.3. The notation and assumptions of Corollary (4.7) and
Theorem (5.2) remain in force. Let Xk be a weighted diagonal surface in
P3k(Q) of degree m with twist c. Assume that g#1(mod m). Let X k  Xk be
the minimal resolution of Xk ; X k is defined over k. For integers &1, put
g(&)ij :=gcd( fij , &), f
(&)
ij :=fij g
(&)
ij and |
(&)
ij :=|ij g
(&)
ij (cf. Corollary (5.5)).
Furthermore, define B(k&) :=[a # A | J (c, a)&=q&]. Then the Picard
number of X k& is equal to
\(X k&)=1+*B(k&)+ :
(i, j) # J0
rij| (&)ij .
Proof. From Proposition (6.2), the Tate conjecture holds for X k& :
\(X k&) is equal to the multiplicity of q
& as a reciprocal root of P2(X k& , T)=0.
Hence the result follows from Corollary (5.5) immediately. K
Corollary 6.4. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m with twist c. Assume that q#1 (mod m). Let X k  Xk be the
minimal resolution of Xk ; X k is defined over k. Write e for the number of
irreducible curves with exceptional support on X k . Then for &1,
1+ :
(i, j) # J0
rij|ij\(X k&)\(X k )
=1+e+*[a # A | J (c, a)q is a root of unity].
Proof. Clearly, we have (i, j) # J0 rij|ij(i, j) # J0 rij|
(&)
ij e and
B(k&)=[a # A | J (c, a)&=q&]/[a # A | J (c, a)q is a root of unity].
Hence the assertion follows from Proposition (6.3). K
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Fig. 2. The Galois correspondence between subfields of k and subgroups of 1.
The sum (i, j) # J0 rij|
(&)
ij in the formula of Proposition (6.3) is equal to
the number of exceptional divisors on X k which are defined over k& . We
shall determine what these divisors are.
The notation and assumptions of Sections 4 and 5 remain in force. Fix
(i, j) # J0 . Let #ij be the element of k defined in Proposition (4.6). We know
k(P)=k(#ij), which is the Galois extension of k of degree fij with
Gal(k(#ij)k)$11(P). The Galois group is generated by the Frobenius
element, _, relative to k; i.e., Gal(k(#ij)k)$(_) . For each &1, we define
k(P)& :=k(P) & k& . k(P)& is the subfield of k(P) with [k(P)& : k]=
gcd( fij , &)=g (&)ij . We put 1& :=Gal(k k&) and 1(P)& :=Gal(k k(P)&). The
Galois correspondence between these fields and groups is illustrated in
Fig. 2. We denote by Pij t& the set of 11(P)&-orbits of Pij . It follows from
Corollary (4.7) that
*(Pij t &)=*(Pij t )(1(P)& : 1(P))=|ijg (&)ij =| (&)ij .
Let P be an element of Pij . We shall write [P]& for the 11(P)&-orbit
of P. [P]& may be identified with the set:
[P]&=[P, _P, ..., _ f ij
(&)&1P].
Choosing appropriate elements, Pu (1u| (&)ij ), we may describe the
11(P)& -orbital decomposition of Pij as
Pij=[P1] _ } } } _ [P| ij(&)] (disjoint).
Let .: X k  Xk be the minimal resolution. For Pu # Pij with (i, j) # J0 , let
rij be the length of the continued fraction expansion of dij :ij (cf.
Theorem (5.2)). Then .&1(Pu) consists of rij smooth rational lines, which
we shall denote by E iju, v (1vrij):
.&1(Pu)=E (ij)u, 1 _ } } } _ E
(ij)
u, rij .
Note that rij is independent of the choice of Pu # Pij . For a triple ((i, j), u, v)
and integers &1, we put
E(ij)u, v(&) :=E
(ij)
u, v+_E
(ij)
u, v+ } } } +_
f ij
(&)&1E (ij)u, v (17)
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where (_) =Gal(k(#ij)k). Since _hE (ij)u, v(&)=E
(ij)
u, v(&) if and only if g
(&)
ij | h,
the field of definition for E (ij)u, v(&) is k& .
Proposition 6.5. Let Xk be a weighted diagonal surface in P3k(Q).
Choose a diagonal surface, Yk , in P3k such that Xk $Yk +. Let ?: X k  Xk
be the minimal resolution of Xk ; X k is defined over k. Then for each integer
&1, the following sequence (of Z-modules) is exact and split:
0  
(i, j) # J0

|ij
(&)
u=1
(ZE (ij)u, 1(&) } } } ZE
(ij)
u, rij(&))  NS(X k &)  NS(Yk&)
+  0.
Consequently, if we write \(Xk&) :=rank ZNS(Yk&)
+, then
\(X k&)=\(Xk&)+ :
(i, j) # J0
rij | (&)ij .
Proof. For the set of algebraic cycles generated by exceptional divisors,
we put
M := 
(i, j) # J0

| ij
(&)
u=1

r ij
v=1

f ij
(&)
h=1
Z_hE (ij )u, v .
It follows from (11) that there is an exact sequence:
0  M  Pic(X k )  Pic(Yk ) +  0.
Since Yk is a smooth complete intersection, Corollary (3.9) implies
that NS(X k )=Pic(X k ) and NS(Yk )=Pic(Yk ). By a theorem of Lang,
NS(X k&)$NS(X k )
1& and NS(Yk&)$NS(Yk )
1&. Thus, taking the Galois
cohomology of 1& of the sequence above, we obtain the exact sequence:
0  M1&  NS(X k&)  NS(Yk&)
+  H 1(1& , M).
(Note that the actions of 1& and + are commutative.) Here we find
M1&= 
(i, j) # J0

| ij
(&)
u=1

r ij
v=1 \
f ij
(&)
h=1
Z_hE (ij)u, v+
1 &
= 
(i, j) # J0

|ij
(&)
u=1

r ij
v=1
ZE (ij)u, v(&).
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Since [_E (ij)u, v , ..., _
f ij
(&)
E (ij)u, v] gives a normal basis for a Z[1&]-module
 f ij
(&)
h=1 Z_
hE (ij)u, v ,
H1(1& , M)= 
(i, j) # J0

| ij
(&)
u=1

rij
v=1
H1 \1& , 
f ij
(&)
h=1
Z_hE (ij)u, v +=0.
Therefore we obtain the required exact sequence. As NS(Yk ) + is torsion-
free (cf. Proposition (3.9)), we conclude that the sequence is split. The
formula for \(X k&) is now obvious. K
That the sequence is split implies the following.
Corollary 6.6. Let Xk be a weighted diagonal surface in P3k(Q). Let
X k  Xk be the minimal resolution of Xk ; X k is defined over k. For integers
&1, let E(ij)u, v(&) be the exceptional divisor defined in (17). Then for each
&1, there exists a submodule, M& , of NS(X k&) such that M& $NS(Yk&)
+
(as Z-modules) and that
NS(X k&)=M& 
(i, j) # J0

| ij
(&)
u=1

r ij
v=1
ZE (ij)u, v(&).
7. Brauer Groups of Certain Weighted Diagonal Surfaces
In this section, we shall discuss the orders of Brauer groups of the
minimal resolutions of weighted diagonal surfaces.
The notation and assumptions of Sections 4, 5, and 6 remain in force.
Let k=Fq be a finite field of q=pn elements. Fix an algebraic closure k of
k. For integers &1, put k& :=Fq& . For P3k(Q), we assume that Q satisfies
(1) and (2).
Theorem 7.1. Let k be a finite field of odd characteristic. Let Xk be a
smooth projective surface defined over k. Assume that the Tate conjecture
holds for Xk . Then the Artin-Tate formula is valid for Xk .
Proof. See Theorem (5.2) of [29] and Theorem (6.1) of [21]. K
From here on, we assume p{2.
Proposition 7.2. Let Xk be a weighted diagonal surface in P3k(Q)
of degree m with twist c. Assume that q#1 (mod m). Let X k  Xk be the
minimal resolution of Xk ; X k is defined over k. For integers &1, let C(k&)
be the complement of B(k&) in A, i.e. C(k&)=[a # A | J (c, a)&{q&] (cf.
Proposition (6.3)). Let J0 be the set defined in (13). For (i, j) # J0 and &1,
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define integers f (&)ij , |
(&)
ij and rij as in Corollary (5.5). Then for every &1,
the ArtinTate formula is valid for X k& ; moreover, the formula can be
described as follows:
`
(i, j) # J0
f (&)r ij |ij
(&)
ij `
a # C(k&)
\1&J (c, a)
&
q& +=
(&1)\(X k&)&1*Br(X k &) det NS(X k &)
q&Pg(X k&)
where det NS(X k&) denotes the intersection determinant of NS(X k&) and
Br(X k&) is the Brauer group of X k& .
Proof. The validity of the ArtinTate formula for X k& is an immediate
consequence of Proposition (6.2) and Theorem (7.1). Thus, it follows from
(5) and Theorem (5.2) that we have the equation:
`
a # C(k&)
\1&J (c, a)
&
q& + `(i, j) # J0 [(1&’
(&)
ij ) } } } (1&’
(&) f ij
(&)&1
ij )]
rij | ij
(&)
=
(&1)\(X k&)&1*Br(X k&) det NS(X k&)
q&:(X k&)*NStor(X k&)2
where ’ (&)ij is a primitive f
(&)
ij th root of unity in C
_. Clearly,
`
(i, j) # J0
[(1&’ (&)ij ) } } } (1&’
(&) f ij
(&)&1
ij )]
r ij |ij
(&)
= `
(i, j) # J0
f (&)r ij | ij
(&)
ij .
Hence the left-hand side of the asserted formula follows. The right-hand
side of the formula follows from the fact that Xk is a quotient of the
diagonal surface, Yk , in P3k of degree m with twist c and that Yk is a
smooth complete intersection (cf. Corollary (3.9), Propositions (2.2)(a) and
(3.8)). K
The formula above implies that if we can calculate det NS(X k&), then the
order of Br(X k&) can be computed in terms of twisted Jacobi sums. We shall
give a criterion of determining the value det NS(X k&). By Corollary (6.6),
we may decompose NS(X k&) into the following:
NS(X k&)=M& 
(i, j) # J0

| ij
(&)
u=1

r ij
v=1
ZE (ij)u, v(&)
Here M& is a submodule of NS(X k&) of rank:
rankZM&=rank ZPic(Yk&)
+=1+*B(k&)=1+*A&*C(k&)
(see Propositions (6.3) and (6.5)). Put s(&)=1+*B(k&). Let D (&)1 , ..., D
(&)
s(&)
be arbitrary s(&) divisors on X k& , i.e., divisors in NS(X k ) fixed by Gal(k k&).
We denote by det (D(&)t ; E
(ij)
u, v(&)) the intersection determinant of the
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divisors D (&)t (1ts(&)) and E
(ij)
u, v(&)’s, where (i, j) # J0 , 1u|
(&)
ij and
1vrij ; i.e.,
D (&) 21 } } } D
(&)
1 .D
(&)
s(&) D
(&)
1 .E
(ij )
11 (&) } } }
b } } } b } } } b
det(D (&)t ; E
(ij )
u, &(v))= } D (&)s(&) .D (&)1 } } } D (&) 2s(&) D (&)s(&) .E (ij )11 (&) } } } }E (ij )11 (&) .D (&)1 } } } } } } E (ij )11 (&)2 bb } } } b } } } b
Regarding D (&)t ’s as variables, we may consider det (D
(&)
t ; E
(ij)
u, v(&)) as a
polynomial in variables D (&)t1 } D
(&)
t2 ’s (1t1s(&), 1t2s(&)) and
D(&)t } E
(ij)
u, v(&)’s (1ts(&)) with integer coefficients. Let 2(E (&)) be the
greatest common divisor of the coefficients of the polynomial det (D (&)t ;
E(ij)u, v(&)). Define 4(D
(&)
t ; E
(ij)
u, v(&)) to be the quotient of det (D
(&)
t ; E
(ij)
u, v(&)) by
2(E (&)), so that 4(D (&)t ; E
(ij)
u, v(&)) is a primitive polynomial. We have
det(D (&)t ; E
(ij)
u, v(&))=2(E (&)) 4(D
(&)
t ; E
(ij)
u, v(&)). (18)
Proposition 7.3. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m with twist c. Assume that q#1 (mod m). Let X k  Xk be the
minimal resolution of Xk ; X k is defined over k. For integers &1, put
s(&) :=1+*B(k&). Let 0 be the set of integers &1 such that there exist
s(&) divisors D (&)1 , ..., D
(&)
s(&) on X k& for which the value of 4(D
(&)
t ; E
(ij)
u, v(&)) (cf.
(18)) is square-free. Then for each & # 0, the set [D (&)1 , ..., D
(&)
s(&) ,
E(ij)u, v(&) | (i, j) # J0 , 1u|
(&)
ij , 1vrij] forms a Z-basis for NS(X k&).
Consequently, the order of Br(X k&) can be computed as follows:
*Br(X k&)= } q
&Pg(X )
det(D (&)t ; E
(ij)
u, v(&))
`
(i, j) # J0
f (&) r ij | ij
(&)
ij `
a # A \1&
J (c, a)&
q& + } .
Proof. For a fixed & # 0, we find that D (&)t ’s and E
(ij)
u, v ’s are linearly inde-
pendent. To show that these divisors are, in fact, a Z-basis for NS(X k&), we
consider the factorization (18). As Di ’s vary, the value for 4(D(&)t ; E
(ij)
u, v(&))
may change, whereas 2(E (&)) remains constant. Hence
[D (&)t , E
(ij)
u, v(&)] is a basis  4(D
(&)
t ; E
(ij)
u, v(&)) is minimum.
Now by the assumption, 4(D (&)t ; E
(ij)
u, v(&)) is square-free. Therefore the
assertions hold. K
The procedure we saw above of finding the orders of Brauer groups may
be described as follows:
(a) compute the rank s(&),
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(b) calculate the polynomial 4(D (&)t , E
(ij)
u, v(&)), and
(c) find D (&)t ’s such that 4(D
(&)
t ; E
(ij)
u, v(&)) becomes square-free.
Step (a) can be achieved by computing twisted Jacobi sums explicitly.
Step (b) may follow from results on exceptional curves. However, Step (c)
is more subtle than the other two. In particular, we do not have an algorithm
to find such D (&)t ’s in general. In what follows, we shall confine ourselves
to the case where s(&)=1 (i.e., *B(k&)=0) and where the only one non-
exceptional divisor, D, can be chosen to be the canonical divisor of X k . We
retain the notation of Sections 4, 5, and 6.
Lemma 7.4. Let Xk be a weighted diagonal surface in P3k(Q). Let
X k  Xk be the minimal resolution of Xk . Denote by KX the canonical divisor
of X k . Put E 2u, v :=E
(ij)
u, v } E
(ij)
u, v . Then for integers &1, (i, j) # J0 , 1u|
(&)
ij
and 1vrij (cf. Section 4), we have
KX } E (ij)u, v(&)=&f
(&)
ij (2+E
2
u, v).
Proof. By Proposition (2.5), the geometric genus of _hE (ij)u, v is zero for
every h (1hf (&)ij ). Hence by the adjunction formula,
&2=_hE (ij)u, v } (_
hE (ij)u, v+KX )
for 1h f (&)ij . Noting that _
hE (ij)u, v } _
hE (ij)u, v=E
2
u, v we obtain the result
immediately. K
Theorem 7.5. Let Xk be a weighted diagonal surface in P3k(Q) of degree
m with twist c. Assume that q#1 (mod m). Let X k  Xk be the minimal
resolution of Xk ; X k is defined over k. Denote by KX the canonical divisor of
X k . Let J0 be the set defined in (13). For &1 and (i, j) # J0 , define f (&)ij and
|(&)ij as in Corollary (5.5). For (i, j) # J0 , put
A(&)=gcd { `
(i, j) # J0
f (&)ij dij , |
(&)
ij `
(i
*
, j
*
) # J0"[(i, j)]
f (&)i
*
j
*
di
*
j
* } (i, j) # J0=
B(&)=
1
A(&)
`
(i, j) # J0
f (&)ij dij
Bij (&)=
| (&)ij
A(&)
`
(i
*
, j
*
) # J0"[(i, j)]
f (&)i
*
j
*
di
*
j
*
where we define >(i
*
, j
*
) # J0"[(i, j)] f
(&)
i
*
j
*
di
*
j
*
to be 1 if J0=[(i, j)]. Let 0 be
the set of integers &1 such that the following three conditions hold:
(i) For every (i, j) # J0 , the singularities in Pij are of type Adij, 1 with
dij=gcd(qi , qj).
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(ii)
\(X k&)=1+ :
(i, j) # J0
| (&)ij .
(iii) The integer
K2X B(&)+ :
(i, j) # J0
f (&)2ij (2&dij)
2 Bij (&)=: R(&)
is square-free.
Then for each & # 0, the order of Br(X k&) is computed as follows:
*Br(X k&)= } q
&Pg(X k )
A(&) R(&) > (i, j) # J0 ( f
(&)
ij dij)
| ij
(&)&1
_ `
(i, j) # J0
f (&)r i j |ij
(&)
ij `
a # A \1&
J (c, a)&
q& + } .
Proof. It follows from condition (i) that the exceptional curve over
each singularity has only one irreducible component. As in Section 7, we
write it as E (ij)u, 1 for each (i, j) # J0 and 1u|
(&)
ij . By Proposition (2.5), Eij
has self-intersection number &di . From Proposition (6.3),
\(X k&)=1+*B(k&)+ :
(i, j) # J0
|ij (&).
Hence by (ii), we find *B(k&)=0. In other words, there exists a divisor,
D(&), defined over k& such that NS(X k&) has a Z-basis consisting only of
D(&) and the E (ij)u, 1(&)’s. To determine D
(&), we shall compute the polynomial
4(D(&); E (ij)u, 1(&)), where D
(&) is a variable which takes values in divisors on
X k& . Put a
(&) :=D(&) } D(&) and b (&)ij :=D
(&) } E (ij)u, 1(&) (since this value is
independent of the choice of u, we may omit to specify u in b (&)ij ). Then
det(D(&) ; E (ij )u, 1(&))=
a(&) } } } b (&)ij } } } b
(&)
ij } } }
b } } } b } } } b b
0
b (&)ij } } } 0 &f
(&)
ij dij 0 } } } 0 } } }
0
b } } } b } } } b b
b (&)ij } } } 0 } } } &f
(&)
ij dij } } }
b } } } b } } } } } }
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=a(&) `
(i, j) # J0
(&f (&)ij dij)
|ij
(&)
& :
(i, j) # J0
\| (&)ij b (&)2ij (&f (&)ij dij)| ij(&)&1
_ `
(i
*
, j
*
) # J0"[(i, j)]
(&f (&)i
*
j
*
di
*
j
*
)|
(&)
i*
j
*+
=(&1)\(X k&)&1 `
(i, j) # J0
( f (&)ij dij)
|ij
(&)&1 {\ `
(i, j) # J0
f (&)ij dij) a
&
+ :
(i, j) # J0
\| (&)ij `
(i
*
, j
*
) # J0"[(i, j)]
f (&)i
*
j
*
di
*
j
*+ b (&)2ij = .
Regarding this as a polynomial in a(&) and b (&)ij ’s, we find
2(E (&))=A(&) `
(i, j) # J0
( f (&)ij dij)
|ij
(&)&1
and
4(D(&); E(ij)u, 1(&))=B(&) a
(&)+ :
(i, j) # J0
Bij (&) b (&)
2
ij .
Now as X k is defined over k, so is KX . It follows from Lemma (7.4) and
assumption (iii) that 4(KX ; Eij) is square-free. Therefore by Proposition (7.3),
KX and Eij ’s give a Z-basis for NS(X k). The formula for *Br(X k) is then
an immediate consequence of Proposition (7.3). K
We shall give an example of a weighted diagonal surface for which we
can use Theorem (7.5) to compute the orders of Brauer groups.
Example 7.6. Let k=F13 be the finite field of 13 elements. Put
k& :=F13& for integers &1. Choose Q=(4, 3, 3, 1). Let Xk be the weighted
diagonal surface in P3k(Q) of degree 12 with twist c=(c0 , c1 , c2 , c3). Let
X k  Xk be the minimal resolution of Xk . Then:
(a) J0=[(1, 2)], d12=3, :12=1 and *P12=4; i.e., Xk has 4
singularities of type A3, 1 .
(b) Condition (i) of Theorem (7.5) holds.
(c) Let Pi (1i4) be the singularities of Xk . Then
k if &c1 c2=1, 3, 9
k(P)={k2 if &c1 c2=4, 10, 12k4 if &c1 c2=2, 5, 6, 7, 8, 11.
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(d) X k is a surface of general type over k.
(e) Pa(X k )=Pg(X k )=1.
(f) The second Betti number of X k is B2=23.
(g) The canonical divisor of X k has self-intersection number &1:
K2X =&1.
(h) There are 4 irreducible curves, E (12)u, 1 =: Eu (1u4), with
exceptional support on X k .
(i) E 2u= &3 for 1u4.
(j) For &1, the Picard numbers are 2\(X k&)=2+*B(k&)
\(X k )=19.
(k) \(X k&)=19 if &#0 (mod 12).
Here we shall compute the Picard numbers and orders of Brauer groups
of X k for several twists c and degrees &. We choose 3 types of twists:
(I) c=(c0 , 1, &1, 1), (II) c=(c0 , 4, &1, 1) and (III) c=(c0 , 2, &1, 1)
with c0=1, 2 and 4.
Type I. From (c), we find k(P)=k. Hence for &1, | (&)12 =1. Further-
more, A(&)=gcd(3, 4)=1, B(&)=3, B12(&)=4 and R(&)=(&1) 3+
(1)(&1)2 4=1. Thus, we have:
(I-a) Condition (ii) of Theorem (7.5) holds if and only if \(X k&)=5.
(I-b) Condition (iii) of Theorem (7.5) holds. Furthermore, if
\(X k&)=5, then
*Br(X k&)= } 13
&
33
`
a # A \1&
J (c, a)&
13& + } .
See Tables 1 and 2.
TABLE 1
Picard Numbers of X k&
c"& 1 2 3 4 5 6 12
(1, 1, &1, 1) 11 11 11 19 11 11 19
(2, 1, &1, 1) 5 5 11 5 5 11 19
(4, 1, &1, 1) 5 5 11 5 5 11 19
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TABLE 2
Orders of Br(X k&)
c"& 1 2 3 4 5 6 12
(2, 1, &1, 1) 132 132 C 36 112132 132592 C C
(4, 1, &1, 1) 1 112 C 38112 4192 C C
Type II. From (c), we find k(P)=k2 . Other related quantities are as
follows:
| (&)12 ={2 if &#1 (mod 2)4 if &#0 (mod 2)
A(&)={2 if &#1 (mod 2)1 if &#0 (mod 2)
B(&)=3 for every &1
B12(&)={1 if &#1 (mod 2)4 if &#0 (mod 2)
R(&)=1 for every &1.
(II-a) Condition (ii) of Theorem (7.5) holds if and only if
\(X k&)={ 3 if &#1 (mod 2)5 if &#0 (mod 2).
(II-b) Condition (iii) of Theorem (7.5) holds. If \(X k&) satisfies (II-a),
then
*Br(X k &)={}
13&
3
`
a # A \1&
J (c, a)&
13& + }
}13
&
33
`
a # A \1&
J (c, a)&
13& +}
if &#1 (mod 2)
if &#0 (mod 2).
See Tables 3 and 4.
TABLE 3
Picard Numbers of X k&
c"& 1 2 3 4 5 6 12
(1, 4, &1, 1) 5 11 5 19 5 11 19
(2, 4, &1, 1) 3 5 5 5 3 11 19
(4, 4, &1, 1) 3 5 5 5 3 11 19
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TABLE 4
Orders of Br(X k&)
c"& 1 2 3 4 5 6 12
(2, 4, &1, 1) 1 132 C 36 112132 16212 C C
(4, 4, &1, 1) 112 112 C 38112 1121792 C C
Type III. From (c), we find k(P)=k4 . Other related quantities are as
follows:
1 if &#1, 3 (mod 4)
| (&)12 ={2 if &#2 (mod 4)4 if &#0 (mod 4)
1 if &#1, 3 (mod 4)
A(&)={2 if &#2 (mod 4)1 if &#0 (mod 4)
223 if &#1, 3 (mod 4)
B(&)={3 if &#2 (mod 4)3 if &#0 (mod 4)
1 if &#1, 3 (mod 4)
B12(&)={1 if &#2 (mod 4)4 if &#0 (mod 4)
22 if &#1, 3 (mod 4)
R(&)={1 if &#2 (mod 4)1 if &#0 (mod 4).
(III-a) Condition (ii) of Theorem (7.5) holds if and only if
2 if &#1, 3 (mod 4)
\(X k&)={3 if &#2 (mod 4)5 if &#0 (mod 4).
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TABLE 5
Picard Numbers of X k&
c"& 1 2 3 4 5 6 12
(1, 2, &1, 1) 2 9 2 19 2 9 19
(2, 2, &1, 1) 2 3 2 5 2 9 19
(4, 2, &1, 1) 2 3 2 5 2 9 19
(III-b) Condition (iii) of Theorem (7.5) holds if and only if &#2 or
0 (mod 4). Furthermore, if \(X k&) satisfies (II-a), then
*Br(X k &)={}
13&
3
`
a # A \1&
J (c, a)&
13& + }
} 13
&
33
`
a # A \1&
J (c, a)&
13& + }
if &#2 (mod 4)
if &#0 (mod 4).
See Tables 5 and 6.
Remark. It is known that the order of the Brauer group of a smooth
projective surface over a finite field is either a square or twice a square
([21, Remark (2.5)]).
8. Weighted Diagonal K3 Surfaces
In this section, we shall look into weighted diagonal surfaces which are
K3. See Table 7. There are precisely 14 such surfaces (neglecting the
twists). We shall determine the maximal Picard numbers for their minimal
resolutions.
The notation and assumptions of preceding sections remain in force. Let
k=Fq be a finite field of q=pn elements. Fix an algebraic closure k of k.
For P3k(Q), assume that Q satisfies (1) and (2).
TABLE 6
Orders of Br(X k&)
c"& 1 2 3 4 5 6 12
(2, 2, &1, 1) C 134112 C 36 112132 C C C
(4, 4, &1, 1) C 36 C 38112 C C C
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TABLE 7
Weighted Diagonal K3 Surfaces
m Q Singularity Multiplicity Exceptional divisors Field of definition
42 (21, 14, 6, 1) A7, 6 1 &2, &2, &2, &2, &2, &2 k
A3, 2 1 &2, &2 k
A2, 1 1 &2 k
30 (15, 10, 3, 2) A5, 4 1 &2, &2, &2, &2 k
A3, 2 2 &2, &2 k(#02)
A2, 1 3 &2 k(#13)
24 (12, 8, 3, 1) A4, 3 1 &2, &2, &2 k
A3, 2 2 &2, &2 k(#02)
20 (10, 5, 4, 1) A5, 4 2 &2, &2, &2, &2 k(#01)
A2, 1 1 &2 k
18 (9, 6, 2, 1) A3, 2 1 &2, &2 k
A2, 1 3 &2 k(#12)
12 (6, 4, 1, 1) A2, 1 1 &2 k
12 (6, 3, 2, 1) A3, 2 2 &2, &2 k(#01)
A2, 1 2 &2 k(#02)
12 (4, 4, 3, 1) A4, 3 3 &2, &2, &2 k(#01)
12 (4, 3, 3, 2) A3, 2 4 &2, &2 k(#12)
A2, 1 3 &2 k(#03)
10 (5, 2, 2, 1) A2, 1 5 &2 k(#12)
8 (4, 2, 1, 1) A2, 1 2 &2 k(#01)
6 (2, 2, 1, 1) A2, 1 3 &2 k(#01)
6 (3, 1, 1, 1) None
4 (1, 1, 1, 1) None
Proposition 8.1. Let Xk be a weighted diagonal surface in P3k(Q) of
degree m. Let X k  Xk be the minimal resolution of Xk . Then there exist
precisely 14 pairs of m and Q such that X k become K3 surfaces. The 14 pairs
are listed below together with:
(a) the types of singularities;
(b) multiplicity of each singularity;
(c) self-intersection numbers of irreducible curves with exceptional
support;
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(d) the field of definition for each singularity.
(Here we put k&=Fq& and #ij is a solution of the equation ci+cj# fijij ; see
Proposition (4.6).)
Proof. Recall that X k is K3 if H 1(X k , O)=0 and the dualizing sheaf |X
is trivial. It follows from Proposition (2.2)(a) that H1(X k , O)=0. Hence X k
is K3 if and only if |X is trivial. By Proposition (2.2)(b), the condition in
question is equivalent to
m=q0+q1+q2+q3 .
Recall that m and qi ’s must also satisfy qi | m for 0i3. Solving these
relations, we can determine all the possible m’s and Q’s as asserted. (We
note that Fletcher [10] gives a complete list of quasi-smooth K3 surfaces
in weighted projective 3-spaces. There are 95 cases in all; this is a result
originally discovered by Reid (cf. [24, p. 300]). We may also use his list to
find weighted diagonal K3 surfaces.) For each weighted diagonal K3
surface, we can compute (a), (b), (c), and (d) using Propositions (2.5),
(4.3), (4.1), and (4.6). K
Remarks. (a) The degrees m have to be even and all the singularities
are necessarily of type An, n&1 for some n (such singularities are often called
de Val singularities of type A). These follow from the fact that m satisfies
the conditions m=q0+q1+q2+q3 and qi | m for 0i3.
(b) Over each singularity of type An, n&1 , there are n&1 irreducible
curves with exceptional support; they have self-intersection numbers &2.
(c) Since all the irreducible curves with exceptional support have
self-intersection number &2, their intersection numbers with relevant
canonical divisors are 0. Moreover, the canonical divisors of K3 surfaces
have self-intersection numbers 0. Hence with the notation of
Theorem (7.5), we have R(&)=0 for every &1. This means that the
method of Theorem (7.5) does not work for minimal resolutions of
weighted diagonal K3 surfaces.
If m and Q are fixed, the maximal Picard number \(X k ) depends only on
the characteristic of k. We shall determine the number \(X k ) for the 14
weighted diagonal K3 surfaces X k .
Proposition 8.2. Let (m, Q) be one of the 14 pairs of degree and
weight obtained in Proposition (8.1). Let Xk be a weighted K3 diagonal
surface in P3k(Q) of degree m. Then the Picard number of the minimal
resolution X k is computed as shown in Table 8.
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TABLE 8
The Picard Number of X k
m Q \(X k )
42 (21, 14, 6, 1) 22 if p#5, 17, 41 (mod 42); 10 otherwise
30 (15, 10, 3, 2) 22 if p#29 (mod 30); 14 otherwise
24 (12, 8, 3, 1) 22 if p#23 (mod 24); 14 otherwise
20 (10, 5, 4, 1) 22 if p#19 (mod 20); 14 otherwise
18 (9, 6, 2, 1) 22 if p#5, 11, 17 (mod 18); 16 otherwise
12 (6, 4, 1, 1) 22 if p#11 (mod 12); 18 otherwise
12 (6, 3, 2, 1) 22 if p#11 (mod 12); 18 otherwise
12 (4, 4, 3, 1) 22 if p#11 (mod 12); 18 otherwise
12 (4, 3, 3, 2) 22 if p#11 (mod 12); 18 otherwise
10 (5, 2, 2, 1) 22 if p#3, 7, 9 (mod 10); 18 otherwise
8 (4, 2, 1, 1) 22 if p#7 (mod 8); 18 otherwise
6 (2, 2, 1, 1) 22 if p#5 (mod 6); 20 otherwise
6 (3, 1, 1, 1) 22 if p#5 (mod 6); 20 otherwise
4 (1, 1, 1, 1) 22 if p#3 (mod 4); 20 otherwise
Proof. Given m, it is known that J (c, a)q is a root of unity for every
a # A if there exists a positive integer + such that p+#&1 (mod m) (cf.
[26]). Applying this to X k , one can prove the assertion on \(X k )=22. For
the rest, use, for instance, the method described in [27, Section 5]. K
Remarks. (a) It is known that the Picard numbers of K3 surfaces over
k are even numbers (cf. [23]). This explains the evenness of \(X k ) in
Table 8.
(b) For each pair of m and Q, the Picard number of the complex
weighted diagonal K3 surface is equal to the number listed under
‘‘otherwise.’’ This can be seen by using the theorem of [17].
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